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Abstract:  
 
Applying the survival function analysis to the planet radius distribution of the Kepler exoplanet 
candidates, we have identified two natural divisions of planet radius at 4 Earth radii (RÅ) and 10 
RÅ. These divisions place constraints on planet formation and interior structure model. The 
division at 4 RÅ separates small exoplanets from large exoplanets above. When combined with 
the recently-discovered radius gap at 2 RÅ, it supports the treatment of planets 2-4 RÅ as a 
separate group, likely water worlds. Thus, for planets around solar-type FGK main-sequence 
stars, we argue that 2 RÅ is the separation between water-poor and water-rich planets, and 4 RÅ 
is the separation between gas-poor and gas-rich planets. We confirm that the slope of survival 
function in between 4 and 10 RÅ to be shallower compared to either ends, indicating a relative 
paucity of planets in between 4-10 RÅ, namely, the sub-Saturnian desert there. We name them 
transitional planets, as they form a bridge between the gas-poor small planets and gas giants. 
Accordingly, we propose the following classification scheme: (<2 RÅ) rocky planets, (2-4 RÅ) 
water worlds, (4-10 RÅ) transitional planets, and (>10 RÅ) gas giants.  
 
Method:  
 
(1) Survival Function Analysis 
The survival function (Clauset et al., 2009; Feigelson and Nelson, 1985; Virkar and Clauset, 
2014), also known as the complimentary cumulative distribution function (cCDF), is defined in 
this context as the number of planets above a given radius, versus radius in a log-log plot, of the 
Kepler planet candidates (4433 from Q1-Q17 DR 25 of NASA Exoplanet Archive (Akeson et al., 
2013), versus 1861 from California-Kepler Survey (Fulton et al., 2017) with improved stellar 
parameters, both with false positives excluded already).  
 
SF (Survival Function) = 1- CDF (Cumulative Distribution Function) = 1 - Integral of PDF 
(Probability Density Function) 
Differentiate SF, one gets the PDF (Probability Density Function).  
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The survival function (SF) can tell apart different distributions. Comparing to the probability 
density function (PDF), it has the advantage of overcoming the large fluctuations that occur in 
the tail of a distribution due to finite sample sizes (Clauset et al., 2009). For example, on a log-
log plot of survival function, power-law distribution appears as a straight line, while normal, log-
normal, or exponential distributions all have a sharp cut-off (upper bound) in radius. This plot is 
also known as the rank-frequency plot (Newman, 2005). The comparison of the SF of the data 
with the straight-line SF of reference power-law distributions in Figure 1 is the essence of the 
Kolmogorov-Smirnov (K-S) test. K-S statistic simply evaluates the maximum distance between 
the CDFs of the data and the fitted model and can also test the goodness-of-fit. This approach 
identifies the boundaries separating different regimes of distributions in the data.  
 
(2) Error Analysis 
In Figure 2, we use a Monte-Carlo method to determine the uncertainty in the survival function. 
For example, each of the planet radii has some best-fit value, and some uncertainty (for example, 
1 ± 0.1 RÅ, 2.3 ± 0.05 RÅ, etc). What we have done so far in Figure 1 is to calculate the survival 
function with the best-fit values (in those two examples, we would use 1, and 2.3, for example).  
In Figure 2, for each planet we randomly draw a number from the asymmetric Gaussian 
distribution centered at the mean value with a width equal to the uncertainty in plus and minus 
direction in the radius measurement. For those two examples, we might randomly draw 1.03 and 
2.34 RÅ. Then, calculate the survival function with these newly drawn radius 
measurements. Then, repeat that whole process 100 times, and calculate 100 survival functions. 
This gives a good idea as to the uncertainty in the survival function itself.  
 
In Figure 2, we also perform various cuts on the datasets (both KOI and CKS), with the same 
selection steps and criteria presented in (Fulton et al., 2017). The sequential cuts come at the 
expense of losing some potentially valuable data points and suffer more and more small number 
statistics and fluctuations towards larger radius. So, there is a trade-off. As shown in Figure 2, 
the breaks at 4 RÅ and 10 RÅ are robust. And the identification of the slope of about -1 in the 
survival function of planets in between 4-10 RÅ is also robust.  
 
In more detail, beyond excluding the false positives, all the subsequent cuts are throwing away 
mostly valid planets and may have the risk to introduce artificial features into the sample. For 
example, the cut at 100-day orbital period may alter the overall number ratio of small versus 
large exoplanets. As demonstrated by our other paper (Survival Function Analysis of Planet 
Orbit Distribution, submitted to ApJ, arXiv:1801:03994 (Zeng et al., 2018)), large exoplanets 
(>4 RÅ) are relatively depleted inside 0.4 AU compared to small exoplanets (<4 RÅ). More 
specifically, large exoplanets (>4 RÅ) have a different statistical distribution in their semi-major 
axis or period, which is uniform in the square-root of semi-major axis, compared to small 
exoplanets (<4 RÅ), which is uniform in the logarithm of semi-major axis, within 0.4 AU or 100-
day orbit, up to the inner threshold of 0.05 AU. Therefore, making a cut at 100-day orbital period 
will lose quite a few of large exoplanets (>4 RÅ).  
 
Anyway, if one applies the strictest criteria and adopts the all the cuts, shown also in Figure 2, 
the general trend of survival function is clear in the two breaks in the power-law, and the 
identification that the slope in between 4 and 10 RÅ to be shallower than either side, indicating a 
relative paucity of planets in between 4-10 RÅ, namely, the sub-Saturnian desert there. 
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Result:  
 
As shown in Figure 1 and Figure 2, the breaks (3.9 ± 0.1 RÅ and 10.3 ± 0.1 RÅ to be exact) in 
the survival function power-law are the natural (model-free) divides of different regimes of 
planetary objects, in addition to the gap in exoplanet population histogram detected around 2 
RÅ  (Fulton et al., 2017; Zeng et al., 2017a, 2017b). Thus, we propose the following 
classification schemes based on planet radius:  
• <4 RÅ, small planets. They can be further divided into two sub-groups: <2 RÅ and 2-4 
RÅ. The small planets are gas-poor, with gaseous envelope mass fraction (fenv = 
Menv/Mplanet) less than about 5~10%. The upper bound of whether ~5% or ~10% depends 
on the assumptions of core mass, core composition (core here refers to the solid part of 
the planet), envelope thermal profile and envelope metallicity. The details of calculations 
can be seen in (Ginzburg et al., 2017, 2016; Lopez and Fortney, 2014). If one assumes a 
water-rich core like that of Uranus or Neptune, then this upper bound is more like ~5%. If 
one assumes a rocky core, then this upper bound is more like ~10%.  
• 4-10 RÅ, transitional planets. Statistics of the Kepler planet candidates shows that this 
group of planets follows a power-law distribution as: 𝑑𝑁 ∝ 𝑅%& ∗ 𝑑𝑅, where 𝛼 ≈2 
(1.9±0.1 to be exact). The power index 𝛼 in this radius range is shallower than ranges 
above and below, which means a relative paucity of planets per logarithmic interval of 
radius. This is the confirmation of a sub-Saturnian desert. We name them “transitional 
planets” as they form the bridge between small exoplanets (<4 RÅ) and gas giants (>10 
RÅ).   
• >10 RÅ, gas giants. They are dominated by H2-He in bulk composition and are massive. 
They include Jupiter-sized planets, brown dwarfs, and even small stars.  
 
Discussion:  
 
(1) Speculation on the origin of the kink at 4 RÅ 
It is very interesting, perhaps not by coincidence, that our own solar system happens to have 
planets at the kinks (~4 RÅ for Uranus and Neptune, ~10 RÅ for Jupiter and Saturn). It is 
generally known that Uranus and Neptune are icy giants, that is, their interior compositions are 
dominated by a mixture of ices, surrounded by about a few up to 10 percent H2/He envelope 
(Hubbard et al., 1991; Podolak et al., 2000).  
 
(Ginzburg et al., 2016) suggests that the intrinsic luminosity coming out of the cooling cores of 
young planets themselves can gradually blow off small envelope (fenv <~5%), even without the 
need of stellar irradiation. However, for fenv>~5%, planets can largely keep their envelopes over 
billion-year timescale. This is likely the origin of the divide at 4 RÅ. (Ginzburg et al., 2017) tries 
to use this argument to explain the radius gap of small exoplanets at ~2 RÅ by convolving this bi-
modal envelope mass fraction with a smaller core mass distribution around 3~5 Earth masses 
(MÅ) (similar to what was assumed in (Owen and Wu, 2017)). Instead this argument works 
better to explain this divide at 4 RÅ, when convolved with core size of 2~2.5 RÅ, to be consistent 
with higher core masses (5~20 MÅ) observed from the radial-velocity measurements and 
considering water-rich cores. 4 RÅ separates core-dominated planets from gaseous-envelope-
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dominated planets. Since the sizes of water-rich cores of 5~20 MÅ are 2~2.5 RÅ, 4 RÅ is roughly 
the divide of envelope thickness ≲ core radius and envelope thickness ≳ core radius.  
 
It is theorized that Earth once had a few 103 bar H2/He envelope when the solar nebula gas disk 
was around, preserved as noble gas signature in present-day Earth mantle due to early 
exchange/in-gassing of this primordial gaseous envelope with the early Earth magma ocean 
(Harper and Jacobsen, 1996). If this estimate is correct, this few 103 bar envelope makes up only 
a few thousandth of the total mass of the Earth, which is well below the fenv~5% threshold 
(Ginzburg et al., 2016). Thus, Earth was not able to hold on to this envelope for long duration 
after the gas disk was dispersed, due to a combination of spontaneous-driven and stellar-driven 
losses. Similar story likely applies to most rocky cores, as it is difficult for them to grow massive 
enough to accrete a significant gaseous envelope in the first place, and then hold on to this 
envelope after gas disk dispersal, if without the additional help of ices to increase their mass by 
two-fold or so.  
 
(2) Comparison to previous works 
(2.1) Host-star metallicity 
The divide at 4 RÅ confirms previous work done by (Buchhave et al., 2014) through looking at 
the host stars’ metallicities. (Buchhave et al., 2014) shows that the host stars of planets with R>4 
RÅ are significantly metal-enriched (0.18 ± 0.02 dex), compared to the host stars of planets with 
R<4 RÅ which have solar-like metallicities. Recent study by (Winn et al., 2017) of the ultra-
short-period (USP, P< 1 day, R<2 RÅ) planets further supports this analysis of metallicity. (Winn 
et al., 2017) shows that the metallicity distributions of USP planet and hot-Jupiter hosts are 
significantly different, suggesting that the USP planets are not dominated by the evaporated 
cores of hot Jupiters. Furthermore, the metallicity distribution of stars with USP planets is 
indistinguishable from that of stars with short period (1-10 day) planets with sizes between 2 and 
4 RÅ. Thus, 4 RÅ can be inferred as the divide of gas-poor and gas-rich planets. Planets above 4 
RÅ have substantial gaseous envelopes and their host stars are statistically metal-enriched 
compared to solar metallicity: this is the starting point of the giant-planet-metallicity correlation 
(Fischer and Valenti, 2005; Wang and Fischer, 2015).  
 
(2.2) Comparison to previous claimed rapid drop-offs in planet fraction at lower radii 
In (Fressin et al., 2013), the radius domain of what they call “Small Neptunes” (2-4 RÅ) exactly 
corresponds to the boundary and identification of water worlds in our manuscript, see their 
Figure 7. On page 13, they also recognized that “the increase in planet occurrence towards 
smaller radii from these objects is very steep”. In their analysis, they also attempted to place a 
boundary within “Small Neptunes” (2-4 RÅ) at 2.8 RÅ. But this was done in an artificial way, 
quotation: “we find that dividing the small Neptunes into two subclasses (two radius bins of the 
same logarithmic size: 2-2.8 RÅ and 2.8-4 RÅ), we are able to obtain a much closer match to the 
KOI population (K-S probability of 6%) with similar logarithmic distributions within each sub-
bin as assumed before”. The key here is that they have assumed logarithmic distribution of planet 
sizes within each planet category. But this assumption is not valid according to what data show 
in this analysis. As demonstrated in our survival function analysis, the planet size distribution fits 
with piece-wise power-law. And in our analysis, there is no obvious change of slope occurring at 
2.8 RÅ. So, the boundary at 2.8 RÅ is simply chosen because it sits at the logarithmic mid-point 
between 2 and 4 RÅ.  
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In (Petigura et al., 2013), they chose the same radius bins as that of (Fressin et al., 2013), see 
their Figure 3: a histogram showing the counts of planets within each bin. As explained above, 
2.8 RÅ is chosen as the logarithmic mid-point between 2 RÅ and 4 RÅ. The fact that planets in 
between 2-2.8 RÅ are many more than 2.8-4 RÅ is simply a manifestation of the steep slope of 
the power-law distribution is this radius range, instead of a change of slope there. (Silburt et al., 
2015) also adopt the same binning as (Fressin et al., 2013) and (Petigura et al., 2013). In all these 
analyses, 2.8 RÅ is chosen but not detected.  
 
(3) Slope of power-law distribution 
The probability distribution of the transitional planets (4-10 RÅ) is best fitted to a power-law: 𝑑𝑁 ∝ 𝑅%& ∗ 𝑑𝑅, where the power index 𝛼 ≈2 (1.9±0.1 to be exact). It likely implies a power-
law distribution in planet mass as well, but this of course depends on the exact mass-radius 
relationship of planets in this radius range. Many natural phenomena follow a power-law 
distribution with power index 𝛼 typically in the range of 2~3 (Clauset et al., 2009; Newman, 
2005). The examples include the frequency of use of words, magnitude of earthquakes, diameter 
of moon craters, population of US cities, etc. (Newman, 2005) There are many mechanisms 
proposed for generating power-law, such as via preferential attachment, multiplicative processes, 
random walks, phase transitions and critical phenomena, etc. (Mitzenmacher, 2003; Newman, 
2005). In our case of transitional planets, the physical mechanism accounting for the power index 
of 𝛼 ≈2 could be a combination of the behavior of the equations of states (EOS) of H2/He 
envelope in the planet interiors and the formation and growth processes of these planets.  
 
The SF of small exoplanets (<4 RÅ) suggests an overabundance of them over the power-law SF 
(red line in Figure 1) of transitional planets (4-10 RÅ). The probability distribution of small 
exoplanets (<4 RÅ) can be fitted to two log-normal distributions corresponding to the two peaks 
of the bi-modal distribution (Fulton et al., 2017; Zeng et al., 2017a, 2017b), or less likely other 
types of distributions. The other possibilities cannot be ruled out completely due to the detection 
incompleteness of the Kepler pipelines for planets below a certain radius threshold (Burke and 
Catanzarite, 2017; Christiansen et al., 2016; Christiansen and L., 2017). This threshold is the 
transition point from very complete detection to very incomplete detection due to pipeline 
incompleteness, meaning that due to low signal-to-noise ratio and other factors. It can vary from 
1~2 RÅ for the orbital period range concerned (Fulton et al., 2017), however, due to the way SF 
is defined here, it does not affect the profile of SF above this threshold, and thus, it does not 
affect the breaks in power-law identified in this paper. The SF beyond ~20 RÅ suffers more from 
Poisson fluctuation due to low count of objects at large radii.  
 
Summary 
 
In summary, the survival function analysis provides a model-independent way to assess and 
classify different regimes of planetary objects according to their sizes. The boundaries identified 
at 3.9 ± 0.1 RÅ and 10.3 ± 0.1 RÅ provide constraints that any model of planet formation or 
interior structure should satisfy. This result will be tested against the findings of the upcoming 
TESS (Transiting Exoplanet Survey Satellite) mission.  
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Figure 1. Survival function of planet radius of the Kepler planet candidates (4433 from Q1-Q17 Data Release 25 
of NASA Exoplanet Archive (Akeson et al., 2013), versus 1861 from California-Kepler Survey (Fulton et al., 2017) 
with improved stellar parameters, both with false positives excluded already). The fits to power-law are in natural-
logarithm and the proposed divides of different planet regimes are shown as vertical dashed lines. 
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Figure 2. Survival function after applying successive cuts in conformity with the (Fulton et al., 2017) and taking 
into account error in planet radius by Monte-Carlo method by drawing randomly from the Gaussian with 
asymmetric uncertainty on each side, centered at the best-fit value of radius of each planet, and plot the survival 
function. We repeat the whole process 100 times, and calculate 100 survival functions for each scenario, to give an 
idea as to the uncertainty in the survival function itself.  
